A generalized Cartan decomposition for connected compact Lie groups and its application (Topics in Combinatorial Representation Theory) by 田中, 雄一郎
Title
A generalized Cartan decomposition for connected compact
Lie groups and its application (Topics in Combinatorial
Representation Theory)
Author(s)田中, 雄一郎




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
A generalized Cartan decomposition for
connected compact Lie groups and its
application
Graguate School of Mathematical Sciences,
The University of Tokyo
1 $\sim$
11. $G$ $H$ $G$






$\bullet$ ( ) $U(n)r\vee S^{k}(\mathbb{C}^{n})$
$\bullet$ $(GL_{k}-GL_{n}$ $)$ $U(k)\cross U(n)$ cPoly$[M(k, n;\mathbb{C})]$
$\bullet$ ( $L^{2}$ ) $GL(n,\mathbb{R})$ $L^{2}(GL(n,\mathbb{R})/O(n))$







. $D’:=G\cdot S$ $D$
. $D’$ $\sigma$ $\sigma$ $\sigma|_{S}=$ id$s$ G-











13. $G$ $D$ $\mathcal{V}arrow D$ $G$ $D$
$\mathcal{O}(D, V)$ $G$
1( ) $G$ $D$ $S$-
2( )









1.4. $G$ $H,L$ $G/L$
$H$ $G/L$
3 $G$ $\sigma$ 3
$(G,H, L)$ visible triple
$\bullet$ $\sigma$ $H$ $L$
$\bullet$ $\sigma:G/Larrow G/L$
$\bullet$ $G=HG^{\sigma}L$
$G^{\sigma}$ $B$ $G=HBL$ $G$
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1.5( ).
$G=GL(n,\mathbb{C})$ 3 $(G, H, L)=$ ( $G\cross G$ , diag$(G)$ , diag$(G)$ )
$G\sim(G\cross G)/diag(G)$
Program 1.6.
1. visible triple $(G, H, L)$
2. visible triple $(G, H, L)$ $B$
$G=HBL$
(1) $G$ A $H,$ $L$ $G$ [KO5]
(2) $(G, L),$ $(G, H)$





$\sigma$ : $t$ Weyl
$H,$ $L$ : $t$
$H,$ $L$ $G$
$G/L,$ $G/H,$ $(G\cross G)/(L\cross H)$
$G^{\sigma}\cdot 0,$ $G^{\sigma}\cdot 0,$ $(G^{\sigma}\cross G^{\sigma})\cdot 0$
$G=HBL$ $($ $G=HG^{\sigma}L)$ 3
$H\sim G/L$ , $L\sim G/H$, diag$(G)\sim(G\cross G)/(L\cross H)$
3
$Ind_{L}^{G}\chi|_{H}$ , $Ind_{H}^{G}\chi|_{L}$ , $Ind_{L}^{G}\chi\otimes Ind_{H}^{G}\chi’$
( (triunity theorem for multiplicity-
heeness property) [Ko2] $)$ $\chi,$ $\chi’$































$\alpha_{1}$ $\alpha_{3}$ $\alpha_{4}$ $\alpha_{5}$ $\alpha_{6}$ $\alpha_{7}$
Type $E_{7}$
$H,$ $L$ $\{\alpha_{7}\},$ $\{\alpha_{1}\}$
$(G, H, L)$ visible triple
Proof. $\tau.\tau’$ Vogan (Figure 1,2) $G$
$\alpha_{2}$
$–\llcorner_{-\bullet}$




$\alpha_{1}$ $\alpha_{3}$ $\alpha_{4}$ $\alpha_{5}$ $\alpha_{6}$ $\alpha_{7}$
Figure 2





$\mathfrak{g}^{\tau\tau’}$ $\mathbb{R}H_{2}$ T$\mathbb{R}\oplus$ so(10)
$a$
$\mathfrak{g}^{-\tau.-\tau’}$ Weyl $\sigma$
$(e_{6}$ , $\sqrt{}$-1$\mathbb{R}\oplus \mathfrak{s}$0(10) $)$







$=$ $(\mathbb{R}W_{1}\oplus (\mathbb{R}W_{2}\oplus so(10)))\oplus \mathfrak{g}^{\tau’,-\tau}$.
$\mathbb{R}W_{1}:=\epsilon u(2)^{\tau}$ $\mathbb{R}W_{2}$ so $($ 12 $)^{\tau}$ $(\sqrt{-1}\mathbb{R}\oplus$
so(10) $)$
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2.2. (B.Hoogenboom, T.Matsuki) $G$ $\tau,$ $\tau’$







$a’$ $\sigma$ $\mathfrak{g}^{l}=\epsilon u(2)$ 1




















$(SO(2n+1), U(n), U(n))$ $SO(2n+1)\supset SO(2n)\supset U(n)$
$(SO(2n+1), SO(2n))$
so$(2n+1)$ so $(2n)$-module :
$\epsilon o(2n+1)=\epsilon o(2n)\oplus q$
$(SO(2n), U(n))$
$= u(n)\oplus\bigcup_{g\in U(n)}Ad(g)(a)\oplus q$
$a$ $(SO(2n), U(n))$
Weyl ( )
$= u(n)\oplus\bigcup_{g\in U(n)}Ad(g)(a\oplus q_{0})$






: $G$ $(H, L)$ $G$ $\sigma$ $G$
Weyl









$M(N, \mathbb{R})$ $G$ Ad$(G^{\sigma}L)R\subset M(N, \mathbb{R})$
$Ad(Hg)J\cap M(N, \mathbb{R})=\emptyset$ (2)
$g\in G$
$H$
$G(n)=U(n),$ $SO(2n+1),$ $Sp(n)$ or $SO(2n)$ $n$ $n=n_{1}+\cdots+n_{k}$
$G(n)$ $U(n_{1})\cross\cdots\cross U(n_{k-1})\cross G(n_{k})$
$X$ $G(n)$ $H$ $n=n_{1}+\cdots+n_{k}$
$X=(X_{ij})_{1\leq i,j\leq k}$ block
$G(n)$ $A$ $G(n)$ $B$ $2n+1=$
$n_{1}+\cdots+n_{k-1}+(2n_{k}+1)+n_{k-1}+\cdots+n_{1}$ $C,$ $D$
$2n=n_{1}+\cdots+n_{k-1}+2n_{k}+n_{k-1}+\cdots+n_{1}$ block
$i_{0}arrow i_{1}arrow\cdotsarrow i_{r}=i_{0}$ ,
$i_{*}\in\{1,2, \ldots, k\},$ $i_{*}\neq i_{*+1},$ $r\geq 2$
$A_{i_{O}\cdots i_{r}}(X)$ $:=X_{i_{O}i_{1}}X_{i_{1}i_{2}}\cdots X_{i_{r-1}i_{r}}$ (3)
( 23 ) $H$
( block
diagonal )
$A_{i_{0}\cdots i_{r}}$ $(Ad$ $(h)X)=h_{i_{O}}A_{i_{0}\cdots i_{r}}(X)h_{i_{0}}^{-1}$ (4)
$h_{s}$ $h\in H=U(n_{1})\cross\cdots\cross U(n_{k-1})\cross G(n_{k})$ $s$ block









$u(n):=\{X\in \mathfrak{g}\mathfrak{l}(n, \mathbb{C}):$ $r+X=O\}$
B
$\mathfrak{s}o(2n+1):=\{X\in 5[(2n+1, \mathbb{C})$ : ${}^{t}XJ_{2n+1}+J_{2n+1}X=O,$ $\overline{X}+X=O\}$
C
$s\mathfrak{p}(n):=\{X\in 5[(2n, \mathbb{C})$ : ${}^{t}XJ_{n}^{l}+J_{n}^{l}X=O,{}^{t}\overline{X}+X=O\}$
D





$\tilde{X}_{ij}:=\{\begin{array}{ll}X_{ij} (i+j\leq 2k),J_{n_{1}}^{t}X_{2k-j,2k-i}J_{n_{j}} (i+j>2k, i,j\neq k),J_{2n_{k}+1^{t}}X_{2k-j.k}J_{n_{j}} (i=k,j>k),J_{n_{i}}{}^{t}X_{k,2k-i}J_{2n_{k}+1} (i>k,j=k)\end{array}$
$cg^{I\rfloor}$
$\tilde{X}_{ij}:=\{\begin{array}{ll}X_{ij} (i+j\leq 2k),J_{n_{i}}{}^{t}X_{2k-j,2k-i}J_{n_{j}} (i+j>2k, i,j\neq k),J_{n_{k}}’{}^{t}X_{2k-j,k}J_{n_{j}} (i=k,j>k),J_{n_{i}}{}^{t}X_{k,2k-i}J_{n}’k (i>k,j=k)\end{array}$
D
$\tilde{X}_{ij};=\{\begin{array}{ll}X_{ij} (i+j\leq 2k),J_{n_{l}}{}^{t}X_{2k-j,2k-i}J_{n_{j}} (i+j>2k, i,j\neq k),J_{2n_{k}}{}^{t}X_{2k-j,k}J_{n_{j}} (i=k,j>k),J_{n_{i}}{}^{t}X_{k,2k-i}J_{2n_{k}} (i>k,j=k)\end{array}$
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$\sigma$ $G$ $t$ Weyl $\Pi$ $\Pi’,$ $\Pi^{\prime l}$ $\Pi$
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$L_{\Pi’},$ $L_{\Pi’’}$ $\Pi’,$ $\Pi’’$
$G$ $\Pi^{l}=\Pi$ $L_{\Pi’}=G$
$(\Pi’)^{c}:=\Pi\backslash \Pi’$ 1 $L_{\Pi’}$
( )











$\ovalbox{\tt\small REJECT}arrow\infty---\cdots\cdots\cdot$ $\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot\cdot$ $- \frac{-}{}c----$
$\alpha_{1}$ $\alpha_{2}$ $\alpha_{3}$ Type A $\alpha_{n-2}\alpha_{n-1}$ $\alpha_{n}$
$1\leq i,j,$ $k\leq n$
: I. $(\Pi^{l})^{c}=\{\alpha_{i}\}$ , $(\Pi^{l\prime})^{c}=\{\alpha_{j}\}$ .
:
I. $(\Pi^{l})^{c}=\{\alpha_{i}, \alpha_{j}\}$ , $(\Pi’’)^{c}=\{\alpha_{k}\}$ , $\min.\{p, n+1-p\}=1$ ,
$p=i,g$
or $i=j\pm 1$ .
I. $(\Pi’)^{c}=\{\alpha_{i}, \alpha_{j}\}$ , $(\Pi’’)^{c}=\{\alpha_{k}\}$ , $\min\{k, n+1-k\}=2$ .




$\alpha_{1}$ $\alpha_{2}$ $\alpha_{3}$ Type $B$ $\alpha_{n-2}$ $\alpha_{n-1}$ $\alpha_{n}$
:I. $(\Pi^{l})^{c}=\{\alpha_{1}\}$ , $(\Pi^{l\prime})^{c}=\{\alpha_{1}\}$ .
:I. $(\Pi^{l})^{c}=\{\alpha_{n}\}$ , $(\Pi’’)^{c}=\{\alpha_{n}\}$ .




$\alpha_{1}$ $\alpha_{2}$ $\alpha_{3}$ Type $C$ $\alpha_{n-2}\alpha_{n-1}$ $\alpha_{n}$
: I. $(\Pi’)^{c}=\{\alpha_{n}\}$ , $(\Pi^{lJ})^{c}=\{\alpha_{n}\}$ .
: I. $(\Pi’)^{c}=\{\alpha_{1}\}$ , $(\Pi^{ll})^{c}=\{\alpha_{i}\}$ , $1\leq i\leq n$ .
3.4 $D_{n}$





: I. $(\Pi^{l})^{c}=\{\alpha_{i}\}$ , $(\Pi’’)^{c}=\{\alpha j\}$ , $i,j\in\{1, n-1, n\}$ .
:
I. $(\Pi^{l})^{c}=\{\alpha_{1}\}$ , $(\Pi^{l\prime})^{c}=\{\alpha_{j}\}$ , $j\neq 1,$ $n-1,$ $n$
IF. $(\Pi^{l})^{c}=\{\alpha_{i}\}$ , $(\Pi^{ll})^{c}=\{\alpha_{j}\}$ , $i\in\{n-1, n\},$ $j\in\{2,3\}$ .
$m$ . $(\Pi’)^{c}=\{\alpha_{i}\}$ , $(\Pi’’)^{c}=\{\alpha_{j}, \alpha_{k}\}$ , $i\in\{n-1, n\},$ $j,$ $k\in\{1, n-1, n\}$ .
IV. $(\Pi’)^{c}=\{\alpha_{i}\}$ , $(\Pi’’)^{c}=\{\alpha_{j}, \alpha_{k}\}$ , $i\in\{n-1, n\},$ $j,$ $k\in\{1,2\}$ .
V. $(\Pi’)^{c}=\{\alpha_{1}\}$ , $(\Pi’’)^{c}=\{\alpha_{j}, \alpha_{k}\}$ , $j\in\{n-1, n\}$ or $k\in\{n-1, n\}$ .







$\alpha_{1}$ $\alpha_{3}$ $\alpha_{4}$ $\alpha_{5}$ $\alpha_{6}$
Type $E_{6}$
$(\Pi^{l\prime})^{c}=\{\alpha_{j}\}$ , $i,j\in\{1,6\}$ .
$(\Pi^{\prime l})^{c}=\{\alpha_{1}, \alpha_{6}\}$ , $i=1$ or 6.






$\alpha_{1}$ $\alpha_{3}$ $\alpha_{4}$ $\alpha_{5}$ $\alpha_{6}$ $\alpha_{7}$
Type $E_{7}$
: I. $(\Pi’)^{c}=\{\alpha_{7}\}$ , $(\Pi^{l/})^{c}=\{\alpha_{7}\}$ .












$1\leq i,j,$ $k\leq n$
: I. $\mu=a\omega_{i}$ , $\nu=b\omega_{j}$ .
:
I. $\mu=a\omega_{i}+hv_{j}$ , $\nu=c\omega_{k}$ , $\min_{p=i,j}\{p, n+1-p\}=1$ ,
or $i=j\pm 1$ .
I. $\mu=a\omega_{i}+b\omega_{j}$ , $\nu=c\omega_{k}$ , $\min\{k, n+1-k\}=2$ .




: I. $\mu=a\omega_{1}$ , $\nu=b\omega_{1}$ .
: I. $\mu=a\omega_{n}$ , $\nu=b\omega_{n}$ .
I. $\mu=a\omega_{1}$ , $\nu=b\omega_{i}$ , $2\leq i\leq n$ .
4.3 $C_{n}$
: I. $\mu=a\omega_{n}$ , $\nu=b\omega_{n}$ .
: I. $\mu=a\omega_{1}$ , $l\ovalbox{\tt\small REJECT}=b\omega_{i}$ , $1\leq i\leq n$ .
4.4 $D_{n}$
: I. $\mu=a\omega_{i}$ ,
:
$\nu=b\omega_{j}$ , $i,j\in\{1, n-1, n\}$ .
I. $\mu=a\omega_{1}$ , $\nu=b\omega_{j}$ , $j\neq 1,$ $n-1,$ $n$
I. $\mu=a\omega_{i}$ , $\nu=b\omega_{j}$ , $i\in\{n-1, n\},$ $j\in\{2,3\}$ .
$m$ . $\mu=a\omega_{i}$ , $\nu=b\omega_{j}+c\omega_{k}$ , $i\in\{n-1, n\},$ $j,$ $k\in\{1, n-1, n\}$ .
IV. $\mu=a\omega_{i}$ , $\nu=b\omega_{j}+c\omega_{k}$ , $i\in\{n-1, n\},$ $j,$ $k\in\{1,2\}$ .
V. $\mu=a\omega_{1}$ , $\nu=b\omega_{j}+c\omega_{k}$ , $j\in\{n-1, n\}$ or $k\in\{n-1, n\}$ .
VI. $\mu=a\omega_{i}$ , $\nu=b\omega_{2}+c\omega_{j}$ , $n=4,$ $(i,j)=(3,4)$ or (4, 3).
4.5 E6




, $\nu=b\omega_{j}$ , $i,j\in\{1,6\}$ .
, $\nu=b\omega_{1}+c\omega_{6}$ , $i=1$ or 6.
$\mathfrak{a}$





. $\mu=a\omega_{7}$ , $\nu=b\omega_{7}$ .
$\mu=a\omega_{7}$ , $\nu=b\omega_{i}$ , $i=1$ or 2.






$D$ : $i,j\in\{n-1, n\}$
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